Cuchillo-Ibanez et al. introduced a topology on the sets of shape morphisms between arbitrary topological spaces in 1999. In this paper, applying a similar idea, we introduce a topology on the set of coarse shape morphisms Sh * (X, Y ), for arbitrary topological spaces X and Y . In particular, we can consider a topology on the coarse shape homotopy group of a topological space (X, x), Sh
Introduction and Motivation
Suppose that (X, x) is a pointed topological space. We know that π k (X, x) has a quotient topology induced by the natural map q : Ω k (X, x) → π k (X, x), where Ω k (X, x) is the kth loop space of (X, x) with the compact-open topology. With this topology, π k (X, x) is a quasitopological group, denoted by π qtop k (X, x) and for some spaces it becomes a topological group (see [4, 5, 6, 15] ).
Calcut and McCarthy [7] proved that for a path connected and locally path connected space X, π qtop 1 (X) is a discrete topological group if and only if X is semilocally 1-connected (see also [5] ). Pakdaman et al. [24] showed that for a locally (n − 1)-connected space X, π qtop n (X, x) is discrete if and only if X is semilocally n-connected at x (see also [15] ). Fabel [12, 13] and Brazas [5] presented some spaces for which their quasitopological homotopy groups are not topological groups. Moreover, despite Fabel's result [12] that says the quasitopological fundamental group of the Hawaiian earring is not a topological group, Ghane et al. [16] proved that the topological nth homotopy group of an n-Hawaiian like space is a prodiscrete metrizable topological group, for all n ≥ 2.
Cuchillo-Ibanez et al. [9] introduced a topology on the set of shape morphisms between arbitrary topological spaces X, Y , Sh(X, Y ). Moszyńska [21] showed that for a compact Hausdorff space (X, x), the kth shape groupπ k (X, x), k ∈ N, is isomorphic to the set Sh((S k , * ), (X, x)) and Bilan [2] mentioned that the result can be extended for all topological spaces. The authors [22] , considering the latter topology on the set of shape morphisms between pointed spaces, obtained a topology on the shape homotopy groups of arbitrary spaces, denoted byπ top k (X, x) and showed that with this topology, the kth shape groupπ top k (X, x) is a Hausdorff topological group, for all k ∈ N. Moreover, they obtained some topological properties of these groups under some conditions such as movability, N-compactness and compactness. In particular, they proved thatπ top k commutes with finite product of compact Hausdorff spaces. Also, they presented two spaces X and Y with the same shape homotopy groups such that their topological shape homotopy groups are not isomorphic.
The aim of this paper is to introduce a topology on the coarse shape homotopy groupsπ shape category [23, Theorem 2.2] . In this case, we show that the kth topological coarse shape group commutes with finite product, for all k ∈ N. Also, we prove that movability ofπ * top k (X, x) can be concluded from the movability of (X, x), for topological space (X, x) with some conditions. As previously mentioned,π k (X, x) with the topology defined by Cuchillo-Ibanez et al. [9] on the set of shape morphisms, is a topological group. We show that this topology also coinsides with the topology induced byπ * top k (X, x) on the subspaceπ k (X, x).
Preliminaries
Recall from [1] some of the main notions concerning the coarse shape category and pro * -category. Let T be a category and let X = (X λ , p λλ ′ , Λ) and Y = (Y µ , q µµ ′ , M) be two inverse systems in the category T . An S * -morphism of inverse systems,
, and an n ∈ N so that for every n ′ ≥ n,
, for all n ∈ N. The identity S * -morphism on X is an S * -morphism (1 Λ , 1 n X λ ) : X → X, where 1 Λ is the identity function and 1
The relation ∼ is an equivalence relation among S * -morphisms of inverse systems in T . The category pro * -T has as objects all inverse systems X in T and as morphisms all equivalence classes f
The composition in pro * -T is well defined by putting
). For every inverse system X in T , the identity morphism in pro
In particular, if (X) and (Y ) are two rudimentary inverse systems in HTop, then every set of mappings
A functor J = J T : pro − T → pro * − T is defined as follows: For every inverse system X in T , J (X) = X and if
, where f n µ = f µ for all µ ∈ M and n ∈ N. Since the functor J is faithful, we may consider the category pro-T as a subcategory of pro * -T . Let P be a subcategory of T . A P-expansion of an object X in T is a morphism p : X → X in pro-T , where X belongs to pro-P characterised by the following two properties: (E1) For every object P of P and every map h : X → P in T , there is a λ ∈ Λ and a map f :
The subcategory P is said to be pro-reflective (dense) subcategory of T provided that every object X in T admits a P-expansion p : X → X.
Let P be a pro-reflective subcategory of T . Let p : X → X and p ′ : X → X ′ be two P-expansions of the same object X in T , and let q : Y → Y and q ′ : Y → Y ′ be two P-expansions of the same object Y in T . Then there exist two natural (unique) isomorphisms i : X → X ′ and j : Y → Y ′ in pro-P with respect to p, p ′ and q, q ′ , respectively. Consequently
This is an equivalence relation on the appropriate subclass of Mor(pro * -P). Now, the coarse shape category Sh * (T ,P) for the pair (T , P) is defined as follows: The objects of Sh * (T ,P) are all objects of T . A morphism
The identity coarse shape morphism on an object X, 1
The faithful functor J = J (T ,P) : Sh (T ,P) → Sh * (T ,P) is defined by keeping objects fixed and whose morphisms are induced by the inclusion functor J = J T : pro−P → pro * − P.
Remark 2.1. Let p : X → X and q : Y → Y be P-expansions of X and Y respectively. For every morphism f : X → Y in T , there is a unique morphism f : X → Y in pro-P such that the following diagram commutes in pro-P:
If we take other P-expansions
If we put S * (X) = X for every object X of T , then we obtain a functor S * : T → Sh * , which is called the coarse shape functor.
Since the homotopy category of polyhedra HPol is pro-reflective (dense) in the homotopy category HTop [19, Theorem 1.4.2], the coarse shape category Sh * (HT op,HP ol) =Sh * is well defined.
A topology on the set of coarse shape morphisms
Similar to the method of [9] , we can define a topology on the set of coarse shape morphisms. Let X and Y be topological spaces. Assume X = (X λ , p λλ ′ , Λ) is an inverse system in pro-HPol and p : X → X is an HPol-expansion of X. For every λ ∈ Λ and
First, we prove the following results.
is a homeomorphism which shows that this topology depends only on X and Y .
Proof. We know that F * ∈ V F * λ for every λ ∈ Λ and every
and so
. We know that there exists a λ ∈ Λ such that λ ≥ λ 1 , λ 2 . We show that
which completes the proof of the first assertion.
be an arbitrary element in the basis of T p ′ , where ν ∈ N and
Example 3.3. Let P = { * } be a singleton and Q = { * }∪{ * } (disjoint union). Then card(Sh(P, Q)) = 2 while card(Sh
It shows that Sh(P, Q) is a countable discrete space while Sh * (P, Q) is an uncountable discrete space.
we must show that for any
The following corollary is an immediate consequence of the above theorem.
Corollary 3.5. Let X and Y be topological spaces and let F * : X −→ Y be an S * -morphism. Let Z be a topological space and consider F *
and Id * 2 are the corresponding identity maps.
, for every topological space Z.
Now, we want to prove the following theorem which is usefull to study the topological properties of the space of coarse shape morphisms. Theorem 3.6. Let X and Y be topological spaces and let p :
Proof. Let Z be a topological space and let g : Z −→ (Sh * (X, Y µ ), (q µµ ′ ) * , M) be a morphism in pro-Top. We must show that there is a unique continuous map
To complete the proof, we show that α is continuous. Let z ∈ Z, µ ∈ M and
} is an open subset of Sh * (X, Y µ ) and since g µ is continuous, we have g
) is open subset of Z. It follows that α is continuous. . Let X be a set and (Γ, ≤) be a partial ordered set with a least element 0. Recall from [17] that an ultrametric on X is a map d : X ×X → Γ such that for all x, y ∈ X and γ ∈ Γ, the following hold:
Now, using the same idea as in [8] , we can prove the following theorem:
Then we have an ultrametric d :
Proof. First, we show that d(F * , G * ) is a lower class. Suppose µ ∈ d(F * , G * ) and µ ′ ∈ M such that µ ′ ≤ µ. Then q µ ′ = q µ ′ µ q µ and we have
Other conditions can also be proved easily.
Let (M, ≤) be a directed set and (L(M), ≤) be the corresponding ordered set of lower classes in M. For every µ ∈ M, consider {µ ′ ∈ M : µ ≥ µ ′ } as the lower class generated by µ, which is denote by [µ] and define φ :
is a partial ordered set and also is downward directed in L(M) (see [8] ). Now, we have:
Proposition 3.9. Let X and Y be topological spaces. Suppose
Then the family {B [µ] (F * ) : F * ∈ Sh * (X, Y ), µ ∈ M} is a basis for a topology in Sh * (X, Y ). Moreover, this topology is independent of the fixed HPol-expansion of Y and it coinsides with the topology defined previously . 
Proof. It is obvious that
′ (we can assume that φ is an increasing map). Let ν ∈ N and
and it follows that the topology corresponding to HPol-expansion q is stronger than the topology corresponding to HPol-expansion q ′ . Similarly, we can prove that the converse is true.
Finally, we want to show that the topology induced by the ultrametric d coinsides with the topology T q studied in Proposition 3.1. It is easy to see that V
, for every µ ∈ M and F * ∈ Sh * (X, Y ) which completes the proof.
The topological coarse shape homotopy groups
Let X be a topological space and p : X → X = (X λ , p λλ ′ , Λ) be an HPolexpansion of X. We know that the kth coarse shape groupπ * k (X, x), k ∈ N, is the set of all coarse shape morphisms F * : (S k , * ) → (X, x) with the following binary operation
where coarse shape morphisms F * and G * are represented by morphisms f
in pro * -HPol * , respectively (see [2] ). Now, we show thatπ * k (X, x) = Sh * ((S k , * ), (X, x)) with the above topology is a topological group which is denoted byπ * top k (X, x), for all k ∈ N.
Theorem 4.1. Let (X, x) be a pointed topological space. Thenπ * top k (X, x) is a topological group, for all k ∈ N.
Proof. First, we show that φ :π * top
, respectively and f
. Therefore, the map φ is continuous.
Second, we show that the map m :
and so m is continuous.
Using Corollary 3.5, we can conclude the following results: 
Corollary 4.4. For any k ∈ N,π * top k (−) is a functor from the pointed coarse shape category of spaces to the category of Hausdorff topological groups.
Corollary 4.5. Let X be a topological space and p : X → X = (X λ , p λλ ′ , Λ) be an HPol-expansion of X. By Theorem 3.6, we know thatπ * top
as topological groups, for all k ∈ N. Since everyπ * top k (X λ , x λ ) is discrete and Hausdorff,π * top k (X, x) is prodiscrete and Hausdorff, for every topological space (X, x).
Proof. It can be proved similar to the Corollary 3.8 in [22] .
Corollary 4.7. Let p : (X, x) → (X, x) = ((X λ , x λ ), p λλ ′ , Λ) be an HPol * -expansion of a pointed topological space (X, x). Then the following statements hold for all k ∈ N:
Proof. The results follow from the fact that the product and the subspace topologies preserve the properties of being second countable and totally disconnected.
Remark 4.8. The authors proved a similar result to the above corollary for shape homotopy groups [22, Corollary 3.9] . Note that in that case, we can omit the assumption of second coutability of π qtop k (X λ , x λ ), for all λ ∈ Λ. Indeed, If X is a polyhedron, so X is second countable and hence Ω k (X, x) is second countable, for all x ∈ X and k ∈ N (see [10] ). Since π
is a bi-quotient map and therefore π qtop k (X, x) is also second countable, for all k ∈ N (see [20] ).
Let X be a topological space and let x 0 , x 1 ∈ X. A coarse shape path in X from x 0 to x 1 is a bi-pointed coarse shape morphism Ω * : (I, 0, 1) → (X, x 0 , x 1 ). X is said to be coarse shape path connected, if for every pair x, x ′ ∈ X, there is a coarse shape path from x to x ′ . If X is a coarse shape path connected space, theň π * k (X, x) ∼ =π * k (X, x ′ ), for any two points x, x ′ ∈ X and every k ∈ N [3, Corollary 1]. Now, we show that these two groups are isomorphic as topological groups, if X is a coarse shape path connected, paracompact and locally compact space. Theorem 4.9. Let X be a coarse shape path connected, paracompact and locally compact space. Thenπ * top
Proof. If X is a topological space admitting a metrizable polyhedral resolution and for a pair x, x ′ ∈ X there exists a coarse shape path in X from x to x ′ , then (X, x) and (X, x ′ ) are isomorphic pointed spaces in Sh * ⋆ (see [3, Theorem 3] ). Since coarse shape path connected, paracompact and locally compact spaces satisfy in the above condition [25] , Sh * (X, x) ∼ = Sh * (X, x ′ ). Hence by Corollary 4.3 we haveπ * top
, for every pair x, x ′ ∈ X and all k ∈ N.
Main results
It is well-known that if the cartesian product of two spaces X and Y admits an HPol-expansion, which is the cartesian product of HPol-expansions of these space, then X × Y is a product in the shape category (see [18] ). In this case, the authors showed that the kth topological shape group commutes with finite products, for all k ∈ N [22, Theorem 4.1].
Also, if X and Y admit HPol-expansions p : X → X and q : Y → Y, respectively, such that p×q : X ×Y → X×Y is an HPol-expansion, then X ×Y is a product in the coarse shape category [23, Theorem 2.2]. Mardešić [18] proved that if p : X → X and q : Y → Y are HPol-expansions of compact Hausdorff spaces X and Y , respectively, then p × q : X × Y → X × Y is an HPol-expansion and so in this case, X × Y is a product in the coarse shape category. Now, we show that under the above condition, the kth topological coarse shape group commutes with finite products, for all k ∈ N.
Theorem 5.1. If X and Y are coarse shape path connected spaces with HPolexpansions p : X → X and q :
X × Y → Y be the induced coarse shape morphisms of canonical projections and assume that φ X :π * top 
By the proof of [23, Theorem 2.4], the homomorphism ψ is well define and moreover, φ • ψ = id and ψ • φ = id.
To complete the proof, it is enough to show that ψ is continuous. Let ⌊F
be a basis open in the topology onπ * top Since J(G) = G * , we can conclude that there is an n ′ ∈ N such that for every n ≥ n ′ , g ′n λ ≃ g λ . On the other hand, we have p λ • G * = p λ • J(F ), i.e., there is an n ′′ ∈ N such that for every n ≥ n ′′ , g ′n λ ≃ f λ . It follows that for every λ ∈ Λ, g λ ≃ f λ and hence p λ • G = p λ • F . Therefore, G ∈ V In follow, we present examples whose topological coarse shape homotopoy groups are not discrete. Example 5.7. Let k ∈ N and let X = (X n , p nn+1 , N), where X n = n j=1 S k j is the product of n copies of k-sphere S k , for all n ∈ N and the bonding morphisms of X are the projection maps. Put X = lim ← X n . Refer to [22] ,π
is not discrete. Sinceπ top k (X) is a subspace ofπ * top k (X) and it is not discete, theň π * top k (X) is not discrete.
